The aim of this paper is to express the Conley-Zehnder index of a symplectic path in terms of an index due to Leray and which has been studied by one of us in a previous work. This will allow us to prove a formula for the Conley-Zehnder index of the product of two symplectic paths in terms of a symplectic Cayley transform. We apply our results to a rigorous study of the Weyl representation of metaplectic operators, which plays a crucial role in the understanding of semiclassical quantization of Hamiltonian systems exhibiting chaotic behavior.
I. INTRODUCTION
Consider a Hamiltonian system in R 
͑1͒
and denote by ͑f t H ͒ the flow it determines; we assume that the symplectomorphisms f t H are globally defined for each t R. Set f = f 1 H ; if for every fixed point z of f the Jacobian matrix of f satisfies det͑Df͑z͒ − I͒ 0, ͑2͒ one says that the one-periodic solutions of Eq. ͑1͒ are nondegenerate. ͓Nota bene: condition ͑2͒ is very strong; for instance, if H is time independent, it is never satisfied!͔ Now set z͑t͒ = f t H ͑z͒ and consider the linearized Hamiltonian system along t ‫ۋ‬ z͑t͒; its time evolution is governed by the linear differential equation
whose flow ͑s t ͒ consists of the symplectic matrices s t = Df t H ͑z͒. The path ⌺ : t ‫ۋ‬ s t , t ͓0,1͔, thus lies in the symplectic group Sp͑n͒; it starts from the identity and ends at the "monodromy matrix" s = Df͑z͒. If the nondegeneracy condition ͑2͒ holds, one associates to ⌺ an integer i CZ ͑⌺͒, the Conley-Zehnder ͑CZ͒ index 2 of the path ⌺. The vocation of that index is ͑loosely speaking͒ to give an algebraic count of the number of points t j in the interval ͓0, 1͔ for which s t belongs to the "caustic" Sp 0 ͑n͒ = ͕s Sp͑n͒:det͑s − I͒ = 0͖; that index is "natural" in the sense that it is invariant under homotopy as long as the end point of the path stays in one of the connected sets Sp ± ͑n͒ defined by Sp + ͑n͒ = ͕s Sp͑n͒:det͑s − I͒ Ͼ 0͖, Sp − ͑n͒ = ͕s Sp͑n͒:det͑s − I͒ Ͻ 0͖.
The aim of this paper is twofold. We first set out to prove a formula for the Conley-Zehnder index of the product of two symplectic paths starting from the identity; we will show that if ⌺ and ⌺Ј are symplectic paths starting from the identity and ending at s and sЈ, respectively, then
where M s is the "symplectic Cayley transform" of s defined by For that purpose we will use an index defined on twice the Maslov bundle, defined by Leray 14 and extended by the first author 7, 8 to the nontransversal case; that index is characterized by two simple properties, one cohomological and the other topological. ͑Dazord 4 has proposed a similar extension in the more general framework of symplectic bundles, using a different approach.͒ As a by-product of the proof of Eq. ͑4͒ we will obtain a natural extension of the Conley-Zehnder index to paths whose end points are in Sp 0 ͑n͒. The interest of that extension is more than just academic: as noted above, all nontrivial periodic solutions of Eq. ͑1͒ are precisely degenerate when H is time independent; hence this is, indeed, the generic situation.
Second, formula ͑4͒ will allow us to identify the phase appearing in the Weyl representation of metaplectic operators with the Conley-Zehnder index of a certain symplectic path mod 4. In fact, the first author has shown in a recent paper 10 that if S Mp͑n͒ has projection s in Sp͑n͒ \Sp 0 ͑n͒, then the operator
where ប = h /2 and
is the Heisenberg-Weyl operator that lies in the metaplectic group Mp͑n͒ ͑and has projection s͒ provided that the integer ͑s͒ is chosen so that
This formula identifies ͑s͒ with i CZ ͑⌺͒ mod 2, where ⌺ is any continuous path in Sp͑n͒ joining I to s. We will prove that we actually have
for a natural choice of the path ⌺. This formula might have, as a practical consequence, a better understanding of trace formulas in semiclassical mechanics ͑"Gutzwiller's formula," see Refs. 12 and 17͒, where the Weyl representation of metaplectic operators plays a crucial role ͑see Ref. 16 and the references therein for recent advances͒.
A caveat: the statement of our two main results, formulas ͑4͒ and ͑5͒, is deceptively simple. The proofs of these formulas are, however, quite technical; they require the full power of the machinery of the Leray index 14 that one of us has developed elsewhere. [6] [7] [8] 11 One might, of course, hope that other more powerful methods would lead to the same results in a more straightforward and economical way. Such an eventuality is, of course, welcome, but as far as we can see the only alternative approach would be to use the path intersection theory developed by Robbin and Salamon 18 ͑these authors in effect express the Conley-Zehnder in terms of the symplectic intersection index they define͒. However, as was shown in Ref. 9 , the Leray and Robbin-Salamon indices are equivalent and easily deduced from each other; in that sense the Leray index thus appears as a fundamental "master index" in Lagrangian and symplectic path intersection theory. We observe that Cushman and Duistermaat 3 and Duistermaat 5 also have addressed the question of the index of the iteration of periodic orbits; the methods these authors use are different from ours, and might perhaps be adapted to yield formula ͑4͒.
This paper is structured as follows: In Sec. II we review previous results 7, 8, 11 on Lagrangian and symplectic Maslov indices, generalizing those of Leray. 14 An excellent comparative study of the indices used here with other indices appearing in the literature can be found in Cappell et al. 1 In Sec. III we recall the axiomatic presentation of the Conley-Zehnder index following Hofer et al. 13 We thereafter study the properties of the symplectic Cayley transform that will be needed in the rest of the section. We then define an integer-values function on the universal covering of Sp͑n͒, which is identified with the Conley-Zehnder index. In Sec. IV we apply the previous results to the study of the phase of the Weyl representation of metaplectic operators.
We will denote by the standard symplectic form on
that is, in matrix form
The real symplectic group Sp͑n͒ consists of all linear automorphisms s of R 2n such that ͑sz , szЈ͒ = ͑z , zЈ͒ for all z, zЈ. Equivalently,
Sp͑n͒ is a connected Lie group and 1 ͓Sp͑n͔͒ϵ͑Z , +͒. We denote by Lag͑n͒ the Lagrangian Grassmannian of ͑R 2n , ͒, that is, ᐉ Lag͑n͒ if and only ᐉ is an n plane in R 2n on which vanishes identically. We will write ᐉ X = R x n ϫ 0 and ᐉ P =0ϫ R p n . If ͑E , ͒ is a symplectic space, the coverings of order q =2, ... ,ϱ of Sp͑E , ͒ and Lag͑E , ͒ are denoted q :Sp q ͑E , ͒ → Sp͑E , ͒ and q : Lag q ͑E , ͒ → Lag͑E , ͒.
II. WALL-KASHIWARA AND LERAY INDICES
We begin by reviewing the notion of signature of a triple of Lagrangian planes. 
A. The Wall-Kashiwara index
The Wall-Kashiwara index measures the relative position of three Lagrangian planes; for instance, if ᐉ X = R n ϫ 0, ᐉ P =0ϫ R n , and 
where Ј and Љ are the Wall-Kashiwara indices on Lag͑EЈ , Ј͒ and Lag͑EЉ , Љ͒, respectively.
The following lemma will be helpful in our study of the Conley-Zehnder index: 
B. The Leray index
Let Lag ϱ ͑E , ͒ be the universal covering of Lag͑E , ͒. The Leray index is the unique mapping :͑Lag ϱ ͑E,͒͒ 2 → Z having the two following properties: 7, 8 • is locally constant on each set
͑9͒
The Leray index has, in addition, the following properties:
for all integers r and rЈ; here ␤ denotes the generator of 1 ͓Lag͑E , ͔͒ϵ͑Z , +͒, whose image in Z is +1. From the dimensional additivity property ͓Eq. ͑8͔͒ of , it immediately follows that if ᐉ 1,ϱ ᐉ 2,ϱ and 
͓the transversality condition ᐉ പ ᐉЈ = 0 is equivalent to −w͑wЈ͒ −1 having no negative eigenvalue͔.
• If ᐉ പ ᐉЈ 0, one chooses any ᐉЉ such that ᐉ പ ᐉЉ = ᐉЈ പ ᐉЉ = 0 and one then calculates ͑ᐉ ϱ , ᐉ ϱ Ј ͒ using the formula ͑9͒, the values of ͑ᐉ ϱ , ᐉ ϱ Љ ͒ and ͑ᐉ ϱ Ј , ᐉ ϱ Љ ͒ being given by Eq. ͑13͒. ͑The cocycle property ͓Eq. ͑6͔͒ of guarantees that the result does not depend on the choice of ᐉЉ.͒
C. The relative Maslov indices on Sp"E , …
We begin by recalling the definition of the Maslov index for loops in Sp͑n͒. Let ␥ be a continuous mapping ͓0,1͔ → Sp͑n͒ such that ␥͑0͒ = ␥͑1͒, and set ␥͑t͒ = s t . Then U t = ͑s t s t ͒ −1/2 s t is the orthogonal part in the polar decomposition of s t :
Let us denote by u t the image ͑U t ͒ of U t in U͑n , C͒:
and set ͑s t ͒ = det u t . The Maslov index of ␥ is, by definition, the degree of the loop t ‫ۋ‬ ͑s t ͒ in S 1 :
Let ␣ be the generator of 1 ͓Sp͑E , ͔͒ϵ͑Z , +͒, whose image in Z is +1; if ␥ is homotopic to ␣ r , then
The definition of the Maslov index can be extended to arbitrary paths in Sp͑E , ͒ using the properties of the Leray index. This is done as follows: let ᐉ = Lag ͑ᐉ ϱ ͒ Lag͑E , ͒; we define the Maslov index of s ϱ Sp ϱ ͑E , ͒ relative to ᐉ by
one shows ͑see Refs. 7 and 8͒ that the right-hand side only depends on the projection ᐉ of ᐉ ϱ , justifying the notation.
Here are three fundamental properties of the relative Maslov index; we will need all of them to study the Conley-Zehnder index:
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• Action of 1 ͓Sp͑n͔͒: We have
for all r Z.
• Topological property: The mapping ͑s ϱ , ᐉ͒ ‫ۋ‬ ᐉ ͑s ϱ ͒ is locally constant on each of the sets
The first two properties readily follow from, respectively, Eqs. ͑9͒ and ͑11͒. The third follows from the fact that the Leray index is locally constant on the sets
hence the restriction of any of the ᐉ to loops ␥ in Sp͑E , ͒ is twice the Maslov index m͑␥͒ defined above; it is therefore sometimes advantageous to use the index m ᐉ defined by
where n = 1 2 dim E. We will call m ᐉ ͑s ϱ ͒ the reduced ͑relative͒ Maslov index. In view of the congruence ͓Eq. ͑10͔͒, it is an integer; the properties of m ᐉ are obtained mutatis mutandis from those of ᐉ . For instance, property ͑16͒ becomes
where Inert is the index of inertia of a triple ͑ᐉ , ᐉЈ , ᐉЉ͒ defined by
in view of Eq. ͑7͒, it is an integer. ͓When the Lagrangian planes ᐉ, ᐉЈ, ᐉЉ are pairwise transverse, it follows from the first part of Lemma 1 that Inert͑ᐉ , ᐉЈ , ᐉЉ͒ coincides with the index of inertia defined by Leray; 14 see Refs. 7, 8, and 11.͔ It follows from the cocycle property of that the Maslov indices corresponding to two choices ᐉ and ᐉЈ are related by the formula
Assume that ͑E , ͒ = ͑EЈ EЉ , Ј Љ͒ and ᐉЈ Lag͑EЈ , Ј͒, ᐉЉ Lag͑EЉ , Љ͒; the additivity property ͑12͒ of the Leray index implies that if
where Sp ϱ ͑EЈ , Ј͒ Sp ϱ ͑EЉ , Љ͒ is identified in the obvious way with a subgroup of Sp ϱ ͑E , ͒. A similar property holds for the reduced relative Maslov index m ᐉ .
III. EXTENSION OF i CZ AND PRODUCT FORMULA
This section is central in this paper; the main result is Theorem 1, where we prove a product formula for the Conley-Zehnder index. 
A. Review of the Conley-Zehnder index
where s ϱ −1 is the homotopy class of the path t ‫ۋ‬ s t −1 . ͑CZ 2 ͒ Continuity: Let ⌺ be a symplectic path representing s ϱ and ⌺Ј a path joining s to an element sЈ belonging to the same component Sp ± ͑n͒ as s. Let s ϱ Ј be the homotopy class of ⌺ ‫ء‬ ⌺Ј.
We have
for every r Z. We observe that these three properties are characteristic of the Conley-Zehnder index in the sense that any other function i CZ Ј :Sp ϱ * ͑n͒ → Z satisfying them must be identical to i CZ . Set, in fact, 
and the symplectic Cayley transform of the product ssЈ is (when defined) given by
(ii) The symplectic Cayley transform of s and s −1 are related by the formula
Proof: ͑i͒ We begin by noting that Eq. ͑26͒ implies that
hence the identity Eq. ͑27͒. In fact, writing ssЈ − I = s͑sЈ − I͒ + s − I, we have
the equality Eq. ͑27͒ follows in view of Eq. ͑30͒. Let us prove Eq. ͑28͒; equivalently,
where M is the matrix defined by
that is, in view of Eq. ͑27͒,
Using the obvious relations s T =−Js −1 J and ͑−s −1 + I͒ −1 = s͑s − I͒ −1 we have
that is, writing s = s − I + I,
Replacing M s by its value ͓Eq. ͑26͔͒ we have
noting that
that is,
which we set out to prove. ͑ii͒ Formula ͑29͒ follows from the sequence of equalities
C. The index "s ؕ …
We define on R 2n R 2n a symplectic form by 
where ͑I s͒ ϱ is the homotopy class in Sp ͑2n͒ of the path 
where ⌬ is the relative Maslov index on Sp ϱ ͑2n͒ corresponding to the choice ⌬ Lag ͑2n͒. Note that replacing n by 2n in the congruence ͓Eq. ͑10͔͒ we have ͑͑I s͒ ϱ ⌬ ϱ ,⌬ ϱ ͒ ϵ dim͑͑I s͒⌬ പ ⌬͒ mod 2 ϵ dim Ker͑s − I͒ mod 2 and hence ͑s ϱ ͒ ϵ 1 2 dim Ker͑s − I͒ mod 1. Since the eigenvalue 1 of s has even multiplicity, ͑s ϱ ͒ is thus always an integer.
The index has the following three important properties; the third is essential for the calculation of the index of repeated periodic orbits ͑it clearly shows that is not, in general, additive͒. 
Proof: ͑i͒ Formulas ͑34͒ immediately follow from the equality ͑s ϱ ͒ −1 = ͑I s −1 ͒ ϱ and the antisymmetry of ⌬ . ͑ii͒ Formula ͑35͒ follows from the first using Eq. ͑34͒. To prove formula ͑35͒ it suffices to observe that the generator I ϱ ␣ of 1 ͓Sp ͑2n͔͒ corresponds to the generator ␣ of 1 ͓Sp͑n͔͒; in view of property ͑17͒ of the Maslov index, it follows that
͑iii͒ Assume, in fact, that s and sЈ belong to, say, Sp + ͑n͒. Let s ϱ be the homotopy class of the path ⌺, and ⌺Ј a path joining s to sЈ in Sp + ͑n͒ ͑we parametrize both paths by t ͓0,1͔͒. Let ⌺ t Ј Ј be the restriction of ⌺Ј to the interval ͓0,tЈ͔, tЈ ഛ t and s ϱ ͑tЈ͒ the homotopy class of the concatenation ⌺ ‫ء‬ ⌺ t Ј Ј . We have det͑s͑t͒ − I͒ Ͼ 0 for all t ͓0,tЈ͔, hence s ϱ ͑t͒⌬ പ ⌬ 0 as t varies from 0 to 1. It follows from the fact that the ⌬ is locally constant on ͕s ϱ : s ϱ ⌬ പ ⌬ =0͖ ͑see Sec. II C͒ that the function t ‫ۋ‬ ⌬ ͑s ϱ ͑t͒͒ is constant, and hence,
which was to be proven. ͑iv͒ The restriction of to Sp * ͑n͒ satisfies the properties ͑CZ 1 ͒, ͑CZ 2 ͒, and ͑CZ 3 ͒ of the Conley-Zehnder index listed in Sec. III A; we showed that these properties uniquely characterize i CZ .
Remark: Formula ͑36͒ allows the calculation of i CZ ͑⌺͒ in terms of the index ͑s ϱ ͒. That formula, in fact, allows us to define the Conley-Zehnder index of an arbitrary path ⌺ by the formula i CZ ͑⌺͒ = ͑s ϱ ͒, where s ϱ is the homotopy class in Sp͑n͒ of that path (see the discussion at the end of this paper).
Let us now state and prove the first main result of this paper. 
where M s is the symplectic Cayley transform of s. Proof: In view of Eq. ͑33͒ and the product property ͑16͒ of the Maslov index we have
where s = I s, sЈ = I sЈ, and is the signature on the symplectic space ͑R 2n R 2n , ͒. The condition det͑ssЈ − I͒ 0 is equivalent to s sЈ ⌬ പ ⌬ = 0, hence we can apply property ͑i͒ in Lemma 1 with ᐉ = s sЈ ⌬, ᐉЈ = s ⌬, and ᐉЉ = ⌬. The projection operator onto s sЈ ⌬ along ⌬ is easily seen to be 
In view of formula ͑27͒ in Lemma 2 we have
and the signature of Q is thus the same as that of
This proves formula ͑37͒.
IV. APPLICATION TO THE METAPLECTIC GROUP
The metaplectic group plays a crucial role in quantum mechanics ͑both in its full-blown version and in its semiclassical formulation͒. We are going to see that the Conley-Zehnder index automatically appears when one determines the Weyl symbol of metaplectic operators.
A. The group Mp"n…
The fundamental group 1 ͓Sp͑n͔͒ being isomorphic to ͑Z , +͒, the symplectic group, has covering of all orders; its double covering Sp 2 ͑n͒ plays an important role in the literature because it has a faithful representation as a group of unitary operators on L 2 ͑R n ͒. This group, the metaplectic group Mp͑n͒, is generated 11, 14 by the quadratic Fourier transforms
where W is a quadratic form on R n ϫ R n given by where k is the class mod 4 of k Z and s = Mp ͑S͒; it is related to the relative Maslov index m ᐉ p on Sp ϱ ͑n͒ by
where s ϱ is any element of Sp ϱ ͑n͒ with projection S Sp͑n͒. Proof: Formula ͑47͒ follows from Eq. ͑46͒ in view of Eqs. ͑42͒ and ͑40͒. We will divide the proof of formula ͑46͒ in three steps.
B. Weyl representation of S « Mp"n…
Step 1. Let L Lag ͑2n͒. Using successively formulas ͑33͒ and ͑22͒ we have
Step 2. We are going to show that ͑s
in view of the symplectic invariance and the antisymmetry of , this is equivalent to
It follows that we have
hence Eq. ͑49͒ in view of property ͑ii͒ in Lemma 1.
Step 3. Let us finally prove that ͑s ⌬,⌬,L 0 ͒ = − 2 sign W xx ; this will complete the proof of the proposition. The condition det͑s − I͒ 0 is equivalent to s ⌬ പ ⌬ = 0, hence, using property ͑i͒ in Lemma 1: and this matrix has signature 2 sign W xx −1 = 2 sign W xx , proving the first equality ͓Eq. ͑46͔͒; the second equality follows because ᐉ P ͑s ϱ ͒ =2m ᐉ P ͑s ϱ ͒ − n ͑since sᐉ P പ ᐉ P =0͒ and rank W xx = n in view of Eq. ͑50͒, which implies that det͑s − I͒ = ͑−1͒ n det B det W xx .
V. CONCLUSION AND DISCUSSION
We have expressed the Conley-Zehnder index i CZ in terms of a cohomological and topological object, the Leray index which was introduced in Ref. 14 for the purpose of semiclassical quantization, and extended in Refs. 4 and 7. This allows the definition of i CZ ͑⌺͒ without any assumption on the end point of the path ⌺ ͑see Remark͒. In Theorem 1 we proved a product formula for the Conley-Zehnder index in terms of the symplectic Cayley transform; this formula, however, only works if all involved paths are nondegenerate. Using the cohomological property of the Maslov index ͓formulas ͑16͒ and ͑20͔͒ it is indeed possible to write an explicit formula for the ConleyZehnder index of the product of two arbitrary paths; this formula ͑which we will not write down͒ is rather complicated and therefore not very attractive. It turns out that it is possible to obtain a simpler formula by redefining the Conley-Zehnder index using methods inspired from Ref. 1 , as we will show in a forthcoming publication. This alternative method does not, however, lead to a straightforward calculation of the indices appearing in the Weyl representation of metaplectic operators, studied in the last section of this paper: in this precise case the Leray index approach is definitely the most natural and powerful.
